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 The Living Planet Index measures proportional change in abundance of typical species (“size” change).
 I develop a measure of the extent to which different species' abundances change in different ways (“shape” change).
 I hypothesize that phylogenetically restricted assemblages will show a high proportion of “size” change.
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a b s t r a c t
Measures of biodiversity change such as the Living Planet Index describe proportional change in the
abundance of a typical species, which can be thought of as change in the size of a community. Here, I
discuss the orthogonal concept of change in relative abundances, which I refer to as shape change. To be
logically consistent, a measure of the rate of shape change should be scaling invariant (have the same
value for all data with the same vector of proportional change over a given time interval), but existing
measures do not have this property. I derive a new, scaling invariant measure. I show that this new
measure and existing measures of biodiversity change such as the Living Planet Index describe different
aspects of dynamics. I show that neither body size nor environmental variability need affect the rate of
shape change. I extend the measure to deal with colonizations and extinctions, using the surreal number
system. I give examples using data on hoverﬂies in a garden in Leicester, UK, and the higher plant
community of Surtsey. I hypothesize that phylogenetically restricted assemblages will show a higher
proportion of size change than diverse communities.
& 2015 The Author. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction
The Living Planet Index (Loh et al., 2005) and similar indices
(e.g. Buckland et al., 2011; Burns et al., 2013; Dirzo et al., 2014)
measure proportional change in the abundance of a typical
species. They are used by a number of major conservation organi-
zations and have resulted in alarming headline ﬁgures such as the
mean 25% decline in abundance of terrestrial vertebrate popula-
tions between 1970 and 2000 (Loh et al., 2005). I will refer to the
property measured by these indices as “size” change. It is obvious
that there are other aspects of change in the abundances of species
in a community, which may also be of both theoretical and applied
interest. I will concentrate on one of these:
Deﬁnition 1. “Shape” change is “change in the relative abun-
dances of species in a community” (Lewis, 1978), where the
relative abundance of a species is its abundance divided by the
sum of abundances of all species in the community.
Lewis (1978) used Deﬁnition 1 as part of a deﬁnition of
succession, and measuring the rate of change in relative abun-
dances is an important aspect of testing theories about succession
(e.g. Boit and Gaedke, 2014; Walker and Wardle, 2014). However,
in this paper I avoid the term “succession”, because it has been
associated with a much wider set of changes in communities and
ecosystems (Odum, 1969). A number of measures of the rate of
shape change have been proposed (Jassby and Goldman, 1974;
Lewis, 1978; Foster and Tilman, 2000), and measures developed
for other purposes (Field et al., 1982; Legendre and Gallagher,
2001) have also been used to measure shape change. Nevertheless,
there has been little systematic consideration of how such a
measure should behave, or of the connection to size change.
I believe that the ﬁeld would beneﬁt from the kind of systematic
approach that has been applied to measures of evenness (e.g.
Smith and Wilson, 1996) and other aspects of diversity (e.g. Jost,
2007; Leinster and Cobbold, 2012).
In this paper, I ﬁrst outline the properties that a measure of rate
of shape change should have. This gives a rough idea of how a
suitable measure can be derived. After deriving such a measure, I
show that it has two simple interpretations: ﬁrst, as proportional
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to the Aitchison (1992) distance between two sets of relative
abundance data; and second, as the among-species sample stan-
dard deviation of mean proportional population growth rates over
a ﬁnite time period. Note that the proportional growth rate for a
species with positive abundance x(t) at time t is deﬁned as
ð1=xÞdx=dt, assuming that x(t) is differentiable with respect to t.1
I deﬁne the growth space of a community as a real space whose
axes represent proportional growth rates of each species. I show
that the new measure of rate of shape change and the Living
Planet Index (Loh et al., 2005) are proportional to the lengths of
projections onto orthogonal subspaces of growth space, and thus
measure distinct aspects of community dynamics. The geometry of
growth space leads to the results that body size, generation time
and environmental variability have no necessary connection to the
rate of shape change. I illustrate the calculation of the rate of shape
change using data on hoverﬂies in a garden in Leicester, UK. I then
extend the approach to deal with colonization and extinction,
making use of the surreal number system, which includes quan-
tities further from and closer to zero than any real number
(Conway, 2001). The surreal numbers are useful because, e.g., an
extinction should represent a larger change than any reduction in
abundance that does not involve extinction, and yet such reduc-
tions can lead to arbitrarily large real numbers. I apply this
extended method to the higher plant community on the volcanic
island of Surtsey. Finally, I discuss the hypothesis that phylogen-
etically restricted assemblages will show a relatively high propor-
tion of size change compared to diverse communities. Notation
used throughout is summarized in Table 1.
2. Properties of a measure of rate of shape change
In this section, I list the properties that I believe a measure of
the rate of shape change should have in order to match up with
biological intuition. If we accept these properties, we will know a
lot about what a suitable measure should look like, even before we
have attempted to derive it. It is of course true that others might
choose a different list of properties, and thus arrive at measures
that will be useful for different purposes.
Property 1. By Deﬁnition 1, the rate of shape change should be
expressible as a function of relative abundances and time alone.
Although not explicit in the deﬁnition, I will here be concerned
with scalar measures of rate (in physical terms, “speed” rather
than “velocity”). This is needed because one will often want to
make comparisons of rates between communities containing
different sets of species, which cannot be done if the rate has
multiple components, each associated with a particular species or
group of species.
If the community consists of n species (not all of which may be
observed at a particular time), then denote by xiZ0 a measure of
the abundance of the ith species, i¼ 1;2;…;n. The abundances of
all species in the community at time t can then be represented as a
column vector xðtÞARnZ0 (the n-dimensional space of positive real
numbers).
The relative abundance of the ith species at time t is
piðtÞ ¼ xiðtÞ=
Pn
j ¼ 1 xjðtÞ. The set of relative abundances for all
species is also known as a composition, and is a vector in the unit
simplex Sn1. Although it is necessary that a rate of shape change
can be expressed in terms of relative abundances and time alone,
many other necessary properties are easier to interpret in terms of
absolute abundances.
Property 2. The rate should be a mean rate of change over a ﬁnite
time interval. This is required if such a rate is to be calculated from
observations taken at discrete points in time. Furthermore, it is
often useful to average out stochastic variability in community
composition, so as to focus on underlying trends.
Given observations at the start and end of a time interval
ðt; tþΔt and the intuitive concept of speed, the rate of shape
change should be a function of the form
f ðxðtÞ; xðtþΔtÞ;ΔtÞ ¼ 1ΔtgðxðtÞ;xðtþΔtÞÞ:
This means that we only need to ﬁnd a suitable way of measuring
the difference between two abundance vectors.
Property 3. Deﬁning shape change as change in relative rather than
absolute abundances (Deﬁnition 1) means that it should not be
altered if all abundances at a given time are multiplied by a constant.
In other words,
gðx;yÞ ¼ gðϕx;ρyÞ; ϕ40; ρ40: ð1Þ
Any function of a composition satisfying Eq. (1) is expressible in
terms of ratios of the form xi=xj (Aitchison, 1992). This property
also means that we can work with samples from which absolute
abundance data are not available (which can apply to everything
from light traps to environmental sequencing).
Property 4. If no net change has occurred over a time interval, the
rate of shape change over that interval should be zero. Intuitively, if
all the abundances are unchanged, a measure that depends only
on those abundances and the time interval should also be
unchanged. In other words,
gðx;xÞ ¼ 0: ð2Þ
Property 5. The rate of shape change should be non-negative.
Intuitively, the community is different in some way if any of the
relative abundances have changed, and a measure of the “speed”
of change over some time interval should be positive if any change
has occurred. In other words,
gðx;yÞZ0:
Properties 4 and 5 together imply that the rate of shape change
cannot be additive over subintervals. Suppose that over two
successive subintervals we move from x to yax and then back
to x. From Property 4, the net change over the combined interval is
gðx;xÞ ¼ 0. From Property 5, the net change over each of the
subintervals is positive.
Property 6. If all species have the same proportional growth rate,
relative abundances do not change, and the rate of shape change
should be zero. This is the important special case of a deterministic
neutral community. If Eqs. (1) and (2) hold, setting y¼x in Eq. (1)
shows that this will be the case. In all other cases, the rate should
not be zero. In other words,
gðx;yÞ ¼ 0 if and only if y¼ϕx; ðϕ40Þ:
Property 7. The rate of shape change should be the same for all
abundance trajectories having the same vector of proportional
changes over some speciﬁed time interval. This is both the most
important and the most difﬁcult requirement to grasp, and is
needed in order to make the rate of shape change consistent with
the way in which population growth is measured.
For a single species, the same amount of proportional growth
has occurred if the population of that species increases from 1 to
10 as if it increases from 10 to 100 units. This can be justiﬁed at the
1 Widely used near-synonyms include “per capita growth rate” and “speciﬁc
growth rate”. However, “per capita” is not strictly appropriate when individuals are
not well deﬁned (e.g. clones and colonies) or not measured (e.g. proportional cover
and biomass), and the term “proportional growth rate” agrees with the usages
“proportional change” and “proportional scale”, which are important in this
context.
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individual level by considering the population as a birth–death
process. If the population changes by the same proportion in each
case, then any individual experiences the same balance between
proportional birth and death rates. Similarly, for a set of three species,
the amount of proportional change from ½1;1;10 (where the prime
denotes transpose) to ½1:1;0:9;1:20 is the same as from ½10;10;100
to ½11;9;120, and from ½1;10;10 to ½1:1;9;1:20. Thus, we require
gðx; yÞ ¼ gðMx;MyÞ ð3Þ
for all n n matricesM with positive diagonal elements mi and zero
off-diagonal elements. In other words, there is an equivalence class
consisting of all pairs ðx; yÞ such that for all iA1;…;n, yi=xi ¼mi for
some species-speciﬁc constants mi. Since multiplication by M corre-
sponds to a scaling transformation with factors m1;m2;…mn, a
function satisfying Eq. (3) may be called scaling invariant.2 Fig. 1
explains scaling invariance visually. Consider any arbitrary abun-
dance trajectory (left, dashed lines, here shown for three species),
with two abundance vectors x and y lying on this trajectory,
separated by time Δt. Applying the scalingM to the entire trajectory
transforms x and y to Mx and My respectively (right). A function is
scaling invariant if its value is unchanged by the action of any scaling
matrix M with positive diagonal elements on any two abundance
vectors x and y.
Scaling invariance is important theoretically if we want to take
an organism-centred view of temporal dynamics. For any species,
level sets in niche space are sets of points for which the species
has the same proportional growth rate, and therefore experiences
an environment of equivalent quality. This idea extends the concept
of the Hutchinson niche, which is bounded by the level set of zero
proportional growth rate (Maguire, 1973). A scaling M applied to an
abundance trajectory does not alter the proportional growth rate for
any species at any time, and therefore should not alter a measure
that tells us about how organisms experience change.
An unrelated but important practical consequence of scaling
invariance is that there is no need to measure abundance in the
same units for every species, provided that the same units are used
for a given species at all time points. For example, the abundance
of one species could be measured in percentage cover, and that of
another species in numbers trapped in a pitfall trap, without
affecting the value of a scaling invariant measure of rate of change.
In this case the matrix M can be thought of as representing the
conversion factors needed to put all abundances in the same units,
and if Eq. (3) holds, M does not need to be known. Similarly, if
detection probabilities differ among species but remain constant
over time, they do not affect the value of a scaling invariant
measure of rate of change (although if detection probabilities
change over time in different ways for different species, such a
measure will be affected).
There is one obvious objection to the idea that change should
be measured on a proportional scale: it might be argued that the
proportional scale gives too much weight to rare species. Many
important properties of communities and ecosystems can be
approximated as functions of abundance. Examples include the
structural complexity of the community, the rate of primary
production, and the conservation value of the community. The
simplest plausible functions relating these properties to abun-
dance are linear combinations of abundances, where each species
has a weight that measures the contribution of a unit of abun-
dance of that species to the function (e.g. Gross and Cardinale,
2005). If the abundance of a rare species is doubled, many of these
Table 1
Notation. Major symbols used in both main text and appendices. Quantities for which no dimensions are indicated are dimensionless. Abundances are shown as
dimensionless here, although in some cases they will have dimensions such as numbers per unit area.
Symbol Meaning Dimensions
ci Observed count of the ith species
k1 Number of species present at start and end of a time interval
k2 Number of species present at start but absent at end of a time interval
k3 Number of species absent at start but present at end of a time interval
k4 Number of species absent at start and end of a time interval
M an n n diagonal matrix with positive diagonal elements mi
n Number of species
pi Relative abundance xi=ð
Pn
j ¼ 1 xjÞ of the ith species
q Projection of r onto the subspace orthogonal to line of equal proportional growth rates T1
r Proportional growth rate ð1=xÞdx=dt T1
~r iðt; tþΔtÞ Mean proportional growth rate over time interval ðt; tþΔt T1
r Vector of proportional growth rates (or mean proportional growth rates) T1
r Among-species sample mean of mean proportional growth rates T1
sr Among-species sample standard deviation of mean proportional growth rates T1
S1 Set of species present at start and end of a time interval
S2 Set of species present at start but absent at end of a time interval
S3 Set of species absent at start but present at end of a time interval
S4 Set of species absent at start and end of a time interval
t Time T
Δt A time interval (not necessarily small) T
θ Angle between r and line of equal proportional growth rates
u Projection of r onto the line of equal proportional growth rates T1
vij Ratio of abundances xi=xj of a pair of species at a given time
v Vector of abundance ratios vij
wk Mean proportional rate of change in the kth abundance ratio in v
w Vector of mean proportional rates of change in abundance ratios in v
xi Abundance of the ith species
x, y Abundance vectors for a set of species
ψ The surreal number ω1=ω
ω Simplest surreal number greater than all positive real numbers
2 The term used in compositional data analysis is perturbation invariant (e.g.
Aitchison, 1992; Egozcue et al., 2003), but in ecology this is likely to cause
confusion with the idea of a perturbation as a disturbance to a system. Note that
scaling invariance is distinct from Property 3, which is sometimes called scale
invariance.
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properties might be almost unchanged. In contrast, doubling the
abundance of a common species might result in large changes in
these properties.
There are two answers to this objection. First, a scaling
invariant function must give equal weight to every species
(Appendix D). Thus, the decision to take an organism-centred
view of temporal dynamics (which leads to scaling invariance)
precludes also taking the ecosystem function-centred view out-
lined above. Second, I believe that if changes in ecosystem function
are of interest, they should be studied directly, rather than through
using change in abundances as a surrogate. Rare species will
sometimes be important to ecosystem function. For example, a
rare but very large tree species might have a big effect on
structural complexity, a rare keystone predator might have a big
indirect effect on primary production, and a rare but endangered
organism such as a rhinoceros might have a big effect on
conservation value. Thus, it is meaningless to talk about a measure
that gives “too much weight” to a rare species unless the right
weight to give each species is known. If the weights are known,
the appropriate function can be studied. If the weights are
unknown, studying abundances will be misleading. Even the
simplest families of population growth models such as the
exponential and the logistic are not closed under addition
(Kingsland, 1985, p. 89). Thus, a weighted sum of abundances of
populations, each growing according to a different member of
such a family, will have qualitatively different behaviour from any
member of the family. In summary, changes in abundance should
be studied only if they are of interest in their own right, not as a
surrogate for some other property.
Exponential growth is an important idealized case in popula-
tion dynamics, playing a similar role in population biology to that
of a body with no forces acting on it in Newtonian physics
(Ginzburg and Colyvan, 2004, Chapter 6). It also provides an easy
way to demonstrate whether a measure of the rate of shape
change could be scaling invariant. In this special case, each
population experiences an environment of constant quality, and
grows at a constant proportional rate. In other words all relevant
aspects of the system have either zero or non-zero but constant
proportional rates of change. A necessary but not sufﬁcient
condition for scaling invariance is that a measure of the rate of
shape change is constant over time when every species is growing
exponentially (Appendix A). The measures of rate of shape change
in common use (Jassby and Goldman, 1974; Lewis, 1978; Field
et al., 1982; Foster and Tilman, 2000; Legendre and Gallagher, 2001)
are not constant over time under exponential growth (Fig. 2A and
Appendix B), and are therefore not scaling invariant. For example, it is
easy to see that measures of the rate of shape change based on
squared (Foster and Tilman, 2000) or absolute (Lewis, 1978) differ-
ences in composition will not be invariant under constant propor-
tional changes in composition resulting from exponential growth.
The arguments above do not need the assumption that expo-
nential growth is common in nature. Any two patterns of growth
resulting in the same pattern of proportional change over a given
time interval should correspond to the same rate of shape change,
no matter what trajectories the populations involved followed to
get from the start to the end of the interval.
Property 8. A measure of the rate of shape change should not
depend (in a statistical sense) on the number of species being studied.
This is important for two reasons. First, it is usually impossible to
measure the abundance of every species in the community. If
instead we have abundances for a random sample of species, then
a measure whose expected value does not depend on the number
of species sampled can be used to estimate the rate of shape
change in the entire community. In general, it will be difﬁcult to
obtain a random sample of species. Selecting species at random
from a complete species list is rarely possible. Choosing indivi-
duals at random and identifying them does not give a random
sample of species, because more abundant species are more likely
to be included in the sample. In practice, available data are often
used without any attempt at random sampling (e.g. Collen et al.,
2013, p. 72). Nevertheless, independence of the number of species
studied remains a desirable statistical property.
Second, we will often want to compare communities with
different numbers of species. Other things being equal, there is
no intuitive reason why a change in the number of species should
be associated with a change in the rate of shape change.
3. A new measure of rate of shape change
In what follows, I initially restrict attention to cases where
there is no colonization or extinction, so that all abundances are
positive. I later show how to deal with colonization and extinction
in a way that is consistent with the approach taken below.
Consider a single species with abundance x(t) at time t, where
x(t) is a differentiable, positive function of time, and proportional
growth rate ð1=xÞdx=dt. The mean proportional growth rate over
the time interval ðt; tþΔt is
~rðt; tþΔtÞ ¼ 1Δt
Z tþΔt
t
1
x
dx
du
du¼ log xðtþΔtÞ log xðtÞΔt ; x40; ð4Þ
(throughout, log denotes the natural logarithm). The requirement
that x(t) is differentiable is not much of a limitation, because even
in stochastic models where abundance may not be differentiable,
there is usually a differentiable expected abundance to which we
can apply Eq. (4). The mean proportional growth rate is obviously a
constant for all abundance trajectories resulting in the same
amount of proportional growth over a given time interval. I show
x y
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Δ t
M x
M y
A
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Δ t
scaling M
g(x, y) = g(Mx, My)
Fig. 1. Scaling invariance (Property 7). Left: arbitrary abundance trajectory for three
species represented as dashed lines, with abundance on the vertical axis and time
on the horizontal axis. Abundance vectors x and y lie on this trajectory, separated
by time Δt (circle, triangle and diamond symbols represent the three abundances in
each vector). Applying the scalingM to the whole trajectory leads to corresponding
abundance vectors Mx and My (right). If the function gðx; yÞ is scaling invariant,
then it is unchanged by the action of the scaling M.
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in Appendix C that the natural generalization of Eq. (4) to a scalar
measure of the rate of shape change is the among-species sample
standard deviation of mean proportional growth rates:
sr ¼ 1n1
Xn
i ¼ 1
ð~r iðt; tþΔtÞrðtþΔtÞÞ2
" #1=2
; ð5Þ
where ~r iðt; tþΔtÞ is the mean proportional growth rate of the ith
species over the time interval ðt; tþΔt, and rðt; tþΔtÞ is the
among-species mean of mean proportional growth rates over this
interval:
rðt; tþΔtÞ ¼ 1
n
Xn
i ¼ 1
~r iðt; tþΔtÞ: ð6Þ
I show in Appendix C that Eq. (5) satisﬁes Properties 1–8 (although
Property 8 is only satisﬁed asymptotically). In particular, this
measure is scaling invariant, unlike existing measures of the rate
of shape change. For example, the black line in Fig. 2A is the value
of sr for a numerical example in which all species are growing
exponentially. I show in Appendix C that Eq. (5) is proportional to
the Aitchison distance between the relative abundances at two
time points. The Aitchison distance is the standard measure of
distance between compositions (Aitchison, 1992; Egozcue et al.,
2003). Finally, I show in Appendix C that Eq. (5) can also be
expressed in terms of relative abundances:
sr ¼
1
Δt
1
nðn1Þ
Xn1
i ¼ 1
Xn
j ¼ iþ1
log
piðtþΔtÞ
pjðtþΔtÞ
 !
 log piðtÞ
pjðtÞ
 ! !224
3
5
1=2
:
ð7Þ
Although I have shown that sr is scaling invariant while a
number of other proposed measures of shape change are not, one
might wonder whether there are other possible scaling invariant
measures of shape change. In Appendix D, I show that any scaling
invariant function is a function of the vector r of mean propor-
tional growth rates. Among such functions, a function proportional
to the Aitchison (1992) distance is in some sense the simplest way
to measure change in relative abundances.
4. A logistic growth example
In this section, I illustrate how sr and existing measures of the rate of
shape change behave in the simple case of logistic growth. Exponential
growth is deﬁned by constant proportional growth rates. Under
patterns of growth other than exponential, proportional growth rates
do not remain constant over time, and so the rate of shape change
should not in general be constant. For example, Fig. 2B shows
proportional growth rates for three species under logistic growth, and
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Fig. 2. (A) Relative rate of shape change against time for three species growing exponentially, as measured by sr (black line, Eq. (5), the among-species standard deviation of
proportional growth rates) and ﬁve existing measures of rate of shape change (Jassby and Goldman, 1974; Lewis, 1978; Field et al., 1982; Foster and Tilman, 2000; Legendre
and Gallagher, 2001, red, blue, green, purple, orange, respectively, as in panel C key). (B) Proportional growth rate [ð1=xiÞ dxi=dt] against time for three species growing
logistically. (C) Relative rate of shape change against time for three species growing logistically as in panel B. (D) Relative rate of shape change against time for three species
growing logistically, as in panel B except that initial abundances and carrying capacities (and all abundances on the trajectory between these points) is scaled by
M¼ diagð1=3;1=9;1=2Þ, keeping proportional growth rates constant. In A, C, and D Euclidean is 1=Δt times the distance in Foster and Tilman (2000); chi-squared is 1=Δt
times the distance in Legendre and Gallagher (2001); Bray–Curtis is 1=Δt times the distance in Field et al. (1982), calculated on relative abundances with a 1/4 power
transform; constant time interval Δt ¼ 0:001 between observations; each measure of rate of shape change is plotted relative to its value over the ﬁrst time interval.
Parameters for A: initial abundances ½0:5;0:1;0:40; proportional growth rates ½0:2;0:2; 0:10 . Parameters for B and C: initial abundances ½1;0:3;0:40 , proportional growth
rates at low abundance ½0:2;0:1;0:20 , carrying capacities ½3;9;20 . Parameters for D: initial abundances ½1=3;1=30;1=50 , proportional growth rates at low abundance
½0:2;0:1;0:20 , carrying capacities ½1;1;10 . (For interpretation of the references to colour in this ﬁgure caption, the reader is referred to the web version of this paper.)
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Fig. 2C shows the corresponding values of sr (black line) and several
existing measures of rate of shape change. Applying any non-identity
scaling to the abundance trajectories (e.g. M¼ diagð1=3;1:9;1=2Þ)
leaves the proportional growth rates (Fig. 2B) and sr (Fig. 2D, black
line) unchanged, but causes qualitative changes in existing measures of
the rate of shape change (Fig. 2D, red, blue, green, purple and orange
lines). In Fig. 2D, the Jassby and Goldman, Lewis, Bray–Curtis, Euclidean
and chi-squaredmeasures have local minima just before time 20, which
are absent in Fig. 2C. All these measures can also differ qualitatively
from sr. In Fig. 2D, the Jassby and Goldman, Lewis, Euclidean and chi-
squared measures have local maxima close to the time at which sr has
its ﬁrst local minimum, and the Bray–Curtis measure has a local
minimum close to the time at which sr has its ﬁrst local maximum. It
is also obvious from Fig. 2C and D that rates of shape change need not
be decreasing functions of time, even under very simple models of
population growth. It has been suggested that during succession, “rate-
of-change curves are usually convex, with change occurring most
rapidly at the beginning” (Odum, 1969) for a wide range of ecosystem
properties. The results in Fig. 2 suggest that if real communities typically
have decreasing rates of shape change over time, some biologically
interesting mechanism must be generating them.
5. Shape change and biodiversity trends
In this section, I show the geometric connection between the new
measure of rate of shape change (Eq. (5)) and three high-proﬁle
measures of biodiversity trends. This connection is a major strength of
sr, not shared by existing measures of the rate of shape change. I
consider three major measures of biodiversity trends: the Living
Planet Index (Loh et al., 2005), which measures global changes in
vertebrate populations; the UK Wild Bird Indicators (Buckland et al.,
2011), which measures changes in UK bird populations; and the
Watchlist Indicator, which measures population trends in 155 species
of birds, mammals, butterﬂies, and moths of conservation priority in
UK (Burns et al., 2013, p. 10 and 81). All these measures are based on
the exponential of the among-species mean of mean proportional
growth rates. They reveal patterns of major conservation importance,
such as the mean 25% decline in terrestrial vertebrate populations
between 1970 and 2000 (Loh et al., 2005), and the mean 77% decline
in species of conservation priority in UK between 1970 and 2010
(Burns et al., 2013, p. 10).
Such declines do not necessarily involve shape change in the sense
of Deﬁnition 1: if all species decline at the same rate, fewer organisms
are present in total, but their relative abundances are unchanged. To
understand the connection between shape change and these mea-
sures of biodiversity trends, I introduce the idea of the growth space of
a community. For a given set of species, every vector of proportional
growth rates can be represented as a point in a space Rn which I refer
to as the growth space of the community (Fig. 3 is a two-dimensional
example). In the following I drop the time indexing for simplicity. The
line r1 ¼ r2 ¼⋯¼ rn in growth space represents a deterministic
neutral community, in which all species have the same proportional
growth rate and the rate of shape change is zero (Property 6). The
growth rate vector r can be decomposed into two orthogonal
components (Appendix C). The ﬁrst component u is the projection
of r onto the line of equal proportional growth rates, which represents
change in abundance without shape change. The among-species mean
of mean proportional growth rates (Eq. (6)) is proportional to the
length of this component and is a natural measure of size change. Size
change is therefore essentially the same as the natural log of the
measures of biodiversity trends described above. This component is
important because change purely in the r1 ¼ r2 ¼⋯¼ rn direction
represents balanced exponential growth, a state disallowed by the
standard Lotka–Volterra model of consumer-resource dynamics, but
possible under ratio-dependent dynamics (Arditi and Ginzburg, 2012,
Section 6.1).
However, it is unlikely that precisely balanced growth will
occur in a real community. The length of the second component q
measures the extent to which growth is unbalanced. It represents
change in relative abundance (shape) and is proportional to the
among-species standard deviation of mean proportional growth
rates (Eq. (5)). The orthogonality of these two components implies
that the proposed measure of rate of shape change is distinct from
measures of biodiversity trends such as the Living Planet Index
(Loh et al., 2005), the UK Wild Bird Indicators (Buckland et al.,
2011), and the Watchlist Indicator (Burns et al., 2013).
Two further quantities can be obtained from Fig. 3. First, the
total amount of change in a community is the norm JrJ of the
vector r. This norm is zero if the community is at equilibrium, and
positive otherwise. I refer to it as the “activity” level of the
community (with dimensions time1). To make comparisons
among communities, the scaled activity n1=2 JrJ is useful
because its expected value does not depend on the number of
species sampled. Second, cos 2θ¼ ðJuJ=JrJ Þ2 (Fig. 3) measures
the proportion of change that is size change. The value of cos 2θ is
a useful way of comparing the dynamics of communities because
it is dimensionless, and does not depend on the number of species
in the community. In terms of linear models, cos 2θ is the
coefﬁcient of determination for a one-dimensional linear model
containing only a mean term (Saville and Wood, 1991, p. 410).
6. Properties of growth space
The geometry of growth space makes it easy to visualize some
properties of the rate of shape change (Fig. 3), and leads to important
theoretical results. As already mentioned, the rate of shape change is
zero along the line r1 ¼ r2 ¼⋯¼ rn (Fig. 3, solid line). Thus, the
community can increase or decrease in total abundance without
r1
r2
r1 = r2
r
u
q
θ
Fig. 3. Geometric interpretation of the rate of shape change in a two-species
community. The axes r1 and r2 are the proportional growth rates of the two species.
The position vector r represents the mean proportional growth rates for a given
time interval. The diagonal line r1 ¼ r2 represents equal proportional growth rates,
and therefore no shape change. The vector u is the projection of r onto the r1 ¼ r2
line. It represents the rate of change of size of the community, and each of its
elements equals the among-species mean of mean proportional growth rates. The
norm of the projection q of r onto the subspace orthogonal to the r1 ¼ r2 line
represents change in shape of the community, and is proportional to the among-
species standard deviation of mean proportional growth rates. The square of the
cosine of angle θ is the change in size as a proportion of total change. All the
internal equilibria are mapped to the origin (black dot). On the bold half-lines
ðr1o0; r2 ¼ 0Þ and ðr1 ¼ 0; r2o0Þ, one species declines while the other remains at
constant abundance. The dotted lines are contours of constant rate of shape change,
with the rate increasing away from the r1 ¼ r2 line.
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shape change, by remaining on this line. Lines parallel to the
r1 ¼ r2 ¼⋯¼ rn line (Fig. 3, dotted lines) have constant rate of shape
change, increasing away from the r1 ¼ r2 ¼⋯¼ rn line in each
direction. At the origin (r1 ¼ r2 ¼⋯¼ rn ¼ 0, Fig. 3, black dot),
corresponding to all the equilibria of the system, there is no shape
change and no growth. The bold half-lines in Fig. 3 (excluding the
origin) consist of points for which some proportional growth rates are
zero and others are negative. If all species had positive abundance for
such a community, and growth rates remained at a ﬁxed point on the
bold half-lines, the community would asymptotically approach a
boundary equilibrium at which the species with negative growth
rates were absent. Since such points do not lie on the r1 ¼ r2 ¼⋯¼ rn
line, the rate of shape change would not go to zero as the equilibrium
was approached (although such situations are unlikely to be common,
and species with very low abundance would eventually go extinct, as
discussed later).
Similar but more complicated cases may also occur. In a Lotka–
Volterra competition model for proportional cover of six compo-
nents in a coral reef system (Spencer and Tanner, 2008), the
abundance of macroalgae and pocilloporid corals is very close to
zero from around 25 years onwards (Fig. 4A, green and orange
lines respectively). The proportional growth rates of these two
components have large but ﬂuctuating negative values (Fig. 4B,
green and orange lines respectively), while the proportional
growth rates for the other components are much closer to zero.
In growth space, the system is approximately moving relatively far
from zero in the ð ; Þ quadrant of a plane on which all
components other than macroalgae and pocilloporid corals have
zero proportional growth rates. Thus, from around 25 years
onwards, the rate of shape change as measured by sr is large, but
ﬂuctuates over time (Fig. 4C, black line). Existing measures of the
rate of shape do not have large values for this portion of the model
output (Fig. 4C, red, blue, green, purple and orange lines). They
behave differently from sr because they do not measure distance in
growth space.
Two important theoretical results follow immediately from the
geometry of growth space. First, there is no necessary connection
between the typical body size and generation time for species in a
community and the rate of shape change. Differences in genera-
tion time are likely to be associated with differences in body size
and the among-species mean of maximum proportional growth
rates (e.g. Drury and Nisbet, 1973; Tilman, 1988, p. 230). It is
possible (although not necessarily true) that there are correspond-
ing effects on mean proportional growth rates in the ﬁeld. Never-
theless, it is only the among-species standard deviation of mean
proportional growth rates that determines how fast the relative
abundances change. In consequence, there is no reason to assume
that shape change must be faster in, e.g. a microbial community
than in a forest. If shape change is generally faster in microbial
than plant communities (Fierer et al., 2010), it is not simply
because microbes have faster growth rates. Similarly, although
there may be a relationship between body size and the rate of
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Fig. 4. (A) Changes in proportional cover over time in a 6-component Lotka–Volterra competition model for a coral reef system (Heron Island, Protected Crest site).
Parameter estimates from Table 2 in Spencer and Tanner (2008). (B) Mean proportional growth rates (over one-year intervals) against time for the data in A. (C) sr (black line,
Eq. (5)) and ﬁve existing measures of rate of shape change (red, blue, green, purple, orange, respectively: Jassby and Goldman, 1974; Lewis, 1978; Field et al., 1982; Foster and
Tilman, 2000; Legendre and Gallagher, 2001). Each measure is plotted relative to its value in the ﬁrst time interval. (For interpretation of the references to colour in this
ﬁgure caption, the reader is referred to the web version of this paper.)
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shape change, as Anderson (2007) suggested in the broader
context of succession, it is not a mathematical necessity.
Second, environmental variability per se need not affect the rate
of shape change. Although such variability may result in move-
ment in growth space, the rate of shape change is only affected if
this movement is not parallel to the r1 ¼ r2 ¼⋯¼ rn line. In other
words, environmental variability only affects the rate of shape
change if it affects different species in different ways.
7. Example: temporal change in a hoverﬂy assemblage,
Leicester, UK
The data analysed here are a 30-year record of abundances of
hoverﬂies (Diptera: Syrphidae) in a suburban garden in Leicester,
UK. A Malaise trap was used to catch ﬂying insects from 1 April to
31 October, on the same site every year from 1972 to 2001 (Owen,
2010, p. 37). Hoverﬂies were studied in more detail than other
insect groups, and annual numbers for the 14 species caught more
than 1000 times in total were reported (Owen, 2010, p. 88).
Hoverﬂies in the UK have one, two, or more than two generations
a year (Owen, 2010, p. 91), so 30 years is a relatively long time
scale for this assemblage. Larvae of different species use different
food resources, including plant tissues, decaying organic matter,
and aphids (Owen, 2010, p. 80), so the assemblage is quite
functionally diverse. Large, active species are thought to be
trapped less efﬁciently than small species (Owen, 2010, p. 84).
Therefore, existing measures of rate of shape change, which are
not scaling invariant (Property 7), will not be useful descriptions of
these data.
Variation in annual counts is a combination of deterministic
trends in true abundance, stochastic variation in true abundance
(process error) and observation error. I used a state-space model
(Appendix E) to describe both process and observation error, and
calculated rates of change in size and shape using the expected
abundances from this model. The four occasions on which a zero
count was recorded can plausibly be treated as observation error
based on a Poisson sampling model: a species which was not
recorded in the trap sample in a given year is still likely to have
been present in the local area.
In Fig. 5A, the logs of observed counts ciþ1 are plotted against
year, with one line for each species (note that the log ðciþ1Þ
transformation is used only for plotting the data: a Poisson
sampling model is used for analysis). The slope of the line segment
connecting the abundances of a given species in two successive
years approximates the mean proportional growth rate ~r i for that
species (except in the rare cases where the count was zero). Three
important features are immediately obvious. First, there was a
general downward trend in abundances, which may be caused by
urbanization of surrounding agricultural land and a gradual
increase in temperature (Owen, 2010, p. 229). Second, there were
year-to-year ﬂuctuations of more than two orders of magnitude.
Third, these ﬂuctuations often involved simultaneous increases or
decreases in many species. Important causes of these ﬂuctuations
include warm weather in spring and summer, variation in food
supply for species whose larvae feed on aphids, and immigration
from surrounding agricultural land (Owen, 2010, pp. 86–87).
The size component (Fig. 5B) ﬂuctuated a lot despite the
general negative trend in abundances, and there were many
intervals in which it was positive (indicating that a typical species
increased in abundance over that period). Note that for most of
these intervals, the 95% conﬁdence band for size change did not
include zero, so that these short-term ﬂuctuations are likely to be
real, rather than a consequence of observation error. Similarly, the
most obvious feature of the shape component was its variability
from year to year (Fig. 5C). I will return to the ecological meaning
that can be extracted from these patterns after developing
methods to deal with colonization and extinction.
8. Colonization and extinction
So far, I assumed that abundances are strictly positive (or at
least that the underlying expected abundances are positive, if
sampling zeros occurred). Even in cases where a complete census
has been conducted, one could think of the set of individuals
present as being a single realization of a stochastic process with
positive expected abundances. Thus, treating absences as sampling
zeros will usually be appropriate. Nevertheless, true zeros may
occur, with a transition from a true zero to a positive abundance
representing colonization and a transition from positive abun-
dance to true zero representing extinction. Perhaps more impor-
tantly, the following analysis provides a link to related measures
for presence/absence data.
If abundance xi of some species is zero, the proportional growth
rate ð1=xiÞdxi=dt is undeﬁned. This has important practical con-
sequences. For example, the Watchlist Indicator (Burns et al., 2013)
is closely related to the rate of change in size (Eq. (6)) for species of
conservation priority. It would be undeﬁned if one or more of the
species of interest went extinct, yet such an event would be of
even more concern than a decline in abundance without
extinction.
Looking at the form of the mean proportional growth rate
(Eq. (4)) suggests an approach. In the following explanation, I focus
on extinction, because colonization is simply the mirror image.
Intuitively, suppose that we would like an index based on a
weighted sum of two terms, one reﬂecting changes in abundance
measured on a proportional scale, and the other reﬂecting extinc-
tions. The mean proportional growth rate (Eq. (4)) involves
log xiðtÞ, and limxiðtþΔtÞ-0þ log xiðtþΔtÞ ¼ 1. Choosing a real
weight for extinctions is equivalent to adding an arbitrary constant
to an observed zero, and it is in principle possible for abundance to
be positive but less than this constant. Thus for every real choice of
weight given to the extinction component and given initial
abundance xi(t), there is a positive abundance xiðtþΔtÞ for which
the magnitude of the mean proportional growth rate is greater
than this weight. In other words, for any ﬁnite weight given to
extinctions, there will be changes in abundance not involving
extinction that count for more than changes involving extinction,
which is intuitively unreasonable. Therefore the weight given to an
extinction should have greater magnitude than any real number.
Simply calling the weight given to an extinction inﬁnite is not
satisfactory. Intuitively, one would like the extinction of a common
species to represent a larger change than the extinction of a rare
species. Also, one would like the transition from a given non-zero
abundance to zero abundance to represent a more negative rate of
change if it occurs over a shorter time interval Δt. Arithmetic
operations involving inﬁnite quantities are not deﬁned in the real
number ﬁeld, so these properties will not hold.
There is a natural solution. Instead of replacing zero abun-
dances by limxi-0þ , replace them by a number larger than zero but
smaller than all positive real numbers. Such numbers exist in the
surreal number ﬁeld (Conway, 2001), and their logarithms have
magnitude greater than all positive real numbers. The surreal
number ﬁeld contains the real numbers, but has arithmetic
operations deﬁned for inﬁnite as well as ﬁnite numbers. These
operations behave as expected when applied to real numbers. If a
species has nonzero abundance at time t but zero abundance at
time tþΔt, deﬁne its mean proportional growth rate as
ðlog ð1=ωÞ log xiðtÞÞ=Δt, where 1=ω is the simplest number that
is greater than zero but smaller than all positive real numbers
(Conway, 2001, p. 12). Under this deﬁnition, the mean proportional
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growth rate is more negative if xi(t) is larger, or if Δt is smaller, as
required.
The size and shape components of the rate of change for a
community can then be calculated as described in Appendix F. The
size component becomes a surreal number with an inﬁnite and a
real part:
rðt; tþΔtÞ ¼ ðk3k2Þψ
nΔt þ
ab
nΔt ; ð8Þ
where k3 is the number of colonizations, k2 is the number of
extinctions, ψ ¼ω1=ω is the negative of the natural logarithm of
1=ω (and is larger than all positive real numbers), a is the sum of log
abundances for all species with nonzero abundance at time tþΔt,
and b is the sum of log abundances for all species with nonzero
abundance at time t. Eq. (8) reduces to Eq. (6) if there are no
colonizations or extinctions. The coefﬁcient of ψ in Eq. (8) is the
among-species mean of a variable taking the values 1=Δt for
extinctions, 1=Δt for colonizations, and zero otherwise (Appendix G).
If the difference between the numbers of colonizations and extinc-
tions is not zero, the magnitude of this term will always be greater
than the magnitude of the second term (the real part, proportional to
ab). To understand how Eq. (8) works, consider a case where a
community loses one species but gains another, whose ﬁnal abun-
dance is the same as the initial abundance of the lost species. No
other species change abundance. Intuitively, there has been no
change in size. If the species gained has lower ﬁnal abundance than
the species lost, there has been a reduction in size, but not as large as
if a species was lost and no new species, however rare, colonized.
If there are extinctions and colonizations, the shape component
also has inﬁnite and real parts:
srC
α1=2ψ
ðn1Þ1=2Δt
þ β
2½αðn1Þ1=2Δt
; ð9Þ
where
α¼ k2þk3
1
n
ðk3k2Þ2;
β¼ 2
X
iAS2
log xiðtÞþ
X
iAS3
log xiðtþΔtÞ
1
n
ðabÞðk3k2Þ
 !
; ð10Þ
and S2 and S3 are the sets of species going extinct and colonizing,
respectively. Eq. (9) is approximate in the sense that it ignores
terms whose magnitude is less than any positive real number. The
coefﬁcient of ψ in Eq. (9) is the among-species standard deviation
of a variable taking the values 1=Δt for extinctions, 1=Δt for
colonizations, and zero otherwise (Appendix G). Thus the inﬁnite
part will be large if there is a lot of change in the set of species
present (k2þk3 is large), but there is little change in the number of
species present (k3k2 is small). The second term in Eq. (9) (the
real part) will be large if the species going extinct had large
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Fig. 5. Dynamics of the hoverﬂy assemblage of a Leicester, UK garden. (A) Log of observed count ciþ1 against time for the 14 species that were trapped more than 1000
times (one line per species). (B) Rate of change in size (among species mean of mean proportional growth rates r , years1) against time. (C) Rate of change in shape (among-
species standard deviation of mean proportional growth rates, sr, years1) against time. In B and C, the black line is the mean estimate, and the grey area is a 95%
conﬁdence band.
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abundances at time t and/or the species colonizing had large
abundances at time tþΔt.
The scaled activity level and the proportion of change that is
size change in the presence of colonizations and extinctions can be
calculated as described in Appendix F. Because standard prob-
ability distributions are not deﬁned over the whole of the surreal
number ﬁeld, and there is so far no generally satisfactory deﬁni-
tion of an integral for surreal functions (Fornasiero, 2003;
Rubinstein-Salzedo and Swaminathan, 2014), parametric statistical
analyses of these quantities would be difﬁcult. However, surreal
numbers can be ranked unambiguously (Appendix F), and so
statistics based on ranks of the scaled activity level and of the
proportion of change that is size change are straightforward.
If only presence/absence data are available, only the inﬁnite
terms in Eqs. (8) and (9) can be calculated. The coefﬁcients of these
terms are natural measures of size and shape change for presence/
absence data, and it is not necessary to make any explicit use of the
surreal number system to calculate them. Appendix G summarizes
the calculation of scaled activity and proportion of change that is
size change from presence–absence data. The measures of rate of
succession from presence/absence data deﬁned by Anderson (2007)
are based on rescalings of k2þk3, which is proportional to the
squared activity level from presence/absence data (Appendix G).
9. Example: the higher plant community on Surtsey
I calculated the rate of shape change sr (Eq. (9)) and the among-
species mean proportional growth rate r (Eq. (8)) for the higher
plant community on the volcanic island of Surtsey, using data and
background information from Fridriksson (1989). The island was
formed in 1963, and its higher plant community has been
surveyed annually since the ﬁrst plant was found in 1965, initially
by complete census, and later by quadrat and transect samples
(Fridriksson, 1987). Relatively few plant species are found on the
island, because of the scarcity of water, low nutrient levels, salt
spray, sand abrasion, and wave action (Fridriksson, 1989). How-
ever, soil formation has been fairly rapid, due to organic matter
being washed ashore (Fridriksson, 1987). I used the data for
1965–1981 in Table 1 of Fridriksson (1989). Data from later years
were excluded because there was no count for the most abundant
species after 1981. By 1981, 22 taxa had been observed, including
one that was identiﬁed only to genus and a category of unidenti-
ﬁed plants. There were many zero values.
It is plausible that abundances were exactly known, and
therefore that zeros represent true absences (at least during the
early part of the study, when complete censuses were made). The
counts themselves can only take natural number values, so cannot
be differentiable functions of time. Nevertheless, it is reasonable to
treat expected abundances conditional on the data (which coin-
cide with the counts at sampling times) as differentiable functions
of time, and therefore to calculate the rates of change in size and
shape using Eqs. (8) and (9) respectively.
Fig. 6A shows the logs of observed counts ciþ1 against year, with
the same interpretation as Fig. 5A when abundances were nonzero
(again, the log ðciþ1Þ transformation is used only for plotting, not for
analysis). However, colonization and extinction were major features
of these data. Species arrived at different times, with dispersal by
birds probably the most common route (Fridriksson, 1987). Of these
arrivals, most did not persist or remained at low abundance, some
increased in abundance and then decreased again, and one (the
sandwort Honckenya peploides, Fig. 6A, black line) became numeri-
cally dominant.
Eq. (8) gives the among-species mean r of mean proportional
growth rates, including colonizations and extinctions. In Fig. 6B, the
dots connected by lines represent the inﬁnite part of r , while the
lengths of the arrows represent the real part (on a separate scale,
magniﬁed by a factor of 0:1ψ ). The most striking feature of the
temporal pattern in r is that it does not increase systematically over
time, despite changes in the environment that might be expected to
favour plant growth. For example, over the last two time periods,
the abundance of the dominant species H. peploides, and the total
number of individuals, were increasing rapidly. Biomass production
and soil fertility, driven by inputs of ﬁsh waste and guano from
seabirds, were also increasing (Fridriksson, 1989). Furthermore, as
the abundance of H. peploides increased, dense stands of this plant
modiﬁed the environment in ways that increased the germination
and survival rates of two other species (Fridriksson, 1987), an
example of the type of positive interaction thought to be important
in facilitating succession (Bertness and Callaway, 1994). Neverthe-
less, both the inﬁnite and real parts of r were lower in the last two
time periods than in much of the ﬁrst half of the series. In other
words, for a typical species, the environment was less favourable at
the end than the start of the time series.
The rate of change in shape, sr (Eq. (9)) had relatively high
values in the middle of the study period (Fig. 6C). Inspection of
Fig. 6A shows that in the middle part of the series, there were
relatively large numbers of colonizations and extinctions (values of
log ðciþ1Þ changing to and from zero). Simultaneous colonizations
and extinctions tend to make the inﬁnite part of sr large (Fig. 6C,
dots connected by lines). There was little obvious temporal pattern
in the real part of sr (Fig. 6C, arrows, on a separate scale magniﬁed
by a factor of 0:1ψ ). Fig. 6A shows that at most time points, there
was substantial among-species variability in changes in abun-
dance. At least over this time scale, the idea that rates of shape
change are decreasing over time is not supported. In retrospect
this is unsurprising, because as Fig. 2C and D shows, it is easy to
construct cases in which rates of change are not decreasing over
time in the short term.
The amount of change in the Surtsey plant community was
almost always not commensurate with that in the Leicester
hoverﬂy assemblage, in the sense that colonization and extinction
represent inﬁnitely larger changes than any change in abundance
not involving such events. Nevertheless, the proportion of change
that is size change ð cos 2θÞ can be directly compared (Fig. 7). This
proportion was strikingly higher for the Leicester hoverﬂy assem-
blage (median 0.22, lower quartile 0.07, and upper quartile 0.35)
than for the Surtsey higher plant community (median 0.05, lower
quartile 0.02, and upper quartile 0.09), although a hypothesis test
is not appropriate because no hypothesis was proposed before
looking at the data. In general, one might expect phylogenetically
restricted assemblages of organisms such as the Leicester hover-
ﬂies to show larger amounts of size change than more diverse
assemblages of organisms such as the Surtsey higher plants. This is
because if there is strong niche conservatism (Wiens et al., 2010),
closely related species will tend to have similar proportional
growth rates under most sets of environmental conditions, and
when proportional growth rates are similar, cos 2θ will tend to be
large (Fig. 3). Conversely, in a diverse assemblage, it is unlikely that
all species will have similar proportional growth rates under most
sets of environmental conditions, and cos 2θ will generally be
small. Thus, in diverse assemblages, indices of size change such as
the Living Planet Index may be relatively uninformative about
community dynamics. I will not attempt to test this hypothesis
here, because such a test will require data from a wide range of
assemblages of differing taxonomic diversity, but it is closely
connected to the idea that compensatory dynamics (predomi-
nantly positive interspeciﬁc covariances in abundance) will occur
in assemblages where many species are functionally equivalent
(Houlahan et al., 2007).
In summary, the Surtsey higher plant data illustrate how
patterns in size change may not accord with simple perceptions
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of the favourability of an environment, and do not support the idea
that rates of shape change will generally be decreasing over time.
Change in shape was much more important in the Surtsey higher
plant assemblage than in the Leicester hoverﬂy assemblage.
10. Discussion
Here, I have derived a measure of the rate of shape change (in
the sense of Deﬁnition 1) that is consistent with the basic
principles of population dynamics and takes an organism-
centred view. The most important result is that if two abundance
trajectories have the same proportional growth rates at corre-
sponding time points, they are equivalent from an organism's
point of view, and should therefore have the same rate of shape
change. It may seem surprising that equal proportional changes
make equal contributions to the rate of shape change (and to
indices of biodiversity change such as the Living Planet Index)
whether they occur in rare or common species. Thus, shape
change could be rapid in a community whose dominant species
do not change in abundance. Population biologists have accepted
the idea that the proportional scale is appropriate for analyses of
single-species dynamics (Gaston and McArdle, 1994). A reluctance
to apply the same logic at the community level (e.g. Lewis, 1978;
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Fig. 6. Higher plant community on Surtsey, 1965–1981. (A) Log of observed count ciþ1 against time for each species. Black line is the dominant species H. peploides, grey
lines are other species. (B) Rate of change in size (among-species mean of mean proportional growth rates r , years1) against time. Dots represent the inﬁnite part
(measured in units of ψ, main scale) and lengths of arrows represent the real part (secondary scale, magniﬁed by 0:1ψ). (C) Rate of change in shape (among-species standard
deviation of mean proportional growth rates, sr, years1) against time. Inﬁnite and real parts represented as in B.
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Field et al., 1982; Legendre and Gallagher, 2001) might imply that
some variable other than the composition of the community is in
fact of primary interest. Such variables might include total biomass
or its distribution among species, nutrients, phylogenetic diversity,
or structural complexity. These are all important aspects of a
broader concept of succession. Nevertheless, one should not object
to a measure of the rate of shape change on the grounds that it
does not describe the rate of change of some other variable. The
properties studied by community ecologists (such as abundances)
and the properties studied by ecosystem ecologists (such as
biomass, nutrients, and structural complexity) may behave in
quite different ways.
Other interesting measures of community dynamics could be
obtained under different invariance principles. For example, one
might argue that for a single population, all points on the same
logistic growth curve are equivalent in the long term. Under this
argument, one would want a measure (such as the carrying
capacity) that indexes long-term behaviour rather than short-
term dynamics. There are two key differences from the approach
taken in this paper. First, situations that will be equivalent in the
long term are not equivalent from an organism's point of view.
Instead, they might represent equivalence in properties such as
long-term conservation value. Second, such an approach requires a
parameterized model of community dynamics. There are fairly
simple and general stochastic models of community dynamics (e.g.
Ives et al., 2003; Mutshinda et al., 2009; Hampton et al., 2013), but
they will not apply to all situations. The model would (I think)
have to be parameterized, because it would be difﬁcult to ﬁnd a
useful measure that was invariant over the space spanned by all
members of a family of models, rather than the space spanned by a
particular member of that family. There is a similar issue with
measures of physiological time. It is easy to ﬁnd a physiological
time scale on which some process such as organism growth has a
constant proportional rate, but impossible to ﬁnd a universal time
scale on which all relevant processes will have this property (van
Straalen, 1983). In contrast, the approach used here does not rely
on any parameterized model of community dynamics (other than
in the trivial sense that because we do not usually know abun-
dances exactly, we have to use a model to estimate proportional
growth rates).
There may be a deeper connection between measures of diversity
and measures of the rate of shape change. Diversity indices are scalar
summaries of a relative abundance vector, while measures of the rate
of shape change are scalar summaries of changes in relative
abundance vectors. Most diversity indices can be expressed in terms
of Hill numbers, a family of functions indexed by the weight they give
to evenness (Hill, 1973; Jost, 2006). There are generalizations that
account for functional or taxonomic similarity (Leinster and Cobbold,
2012; Chiu and Chao, 2014). The obvious place to look for a
connection between the concepts of diversity and rate of shape
change is beta diversities, which measure differences in diversity
between communities. Beta diversities based on Hill numbers unify a
wide range of measures of community similarity (Jost, 2007),
including the Jaccard and Morisita-Horn indices used by Dornelas
et al. (2014) to measure temporal change in communities. They are
not scaling invariant (M. Spencer, unpublished results, unless no
weight is given to evenness, in which they only measure colonization
and extinction), but the possibility of a less obvious connection
remains.
Traditionally, multivariate community ecology has focussed on
variation among sites (e.g. Gauch, 1982). Even when samples form
a time series, the usual approach is to analyse them in “abundance
space”, where each observation represents the abundance vector
at a single time (e.g. Warwick et al., 2002; Lear et al., 2008). This is
implicitly a static view of communities, in which abundance is
directly determined by environmental conditions. It is in conﬂict
with the dominant view in population dynamics that environ-
mental conditions act on the proportional growth rate of a species,
rather than directly on its abundance (Birch, 1953; Hutchinson,
1957; Maguire, 1973). In contrast, the decomposition of patterns of
change into size and shape components gives an ecologically
meaningful low-dimensional representation of dynamics, which
may offer a useful alternative to traditional ordination. Further-
more, it can be extended to deal with colonizations and extinc-
tions, or to data on presence/absence alone. Related work includes
the regression method used by Ives (1995) to study the responses
of communities to long-term directional perturbations, although
this focusses on responses of mean abundance to environmental
change, rather than on decomposing empirical patterns of propor-
tional growth rates.
What could measures of size and shape change be used for?
One obvious idea is to quantify global patterns in community
change. There is evidence of global variation in size change in
vertebrate assemblages since 1970 (Collen et al., 2009, 2013). For
example, among terrestrial species, tropical populations appear to
be declining while temperate populations are increasing. For
marine species, populations in the Southern and Indian Oceans
appear to be declining, while populations in the Paciﬁc and
Atlantic are relatively stable. Thus, there is clearly shape change
as well as size change at the global scale, and some of this change
can be explained by simple geographical differences. Similarly,
among insects there was an overall 45% decline in abundance
between 1970 and 2010, but declines were less severe in Lepi-
doptera than in other insects (Dirzo et al., 2014). The geometric
approach taken here shows that we can think of the Living Planet
Index and related indices as being based on a one-dimensional
linear model (e.g. Saville and Wood, 1991, Chapter 5). Rather than
ﬁtting separate one-dimensional models for subgroups, as is
currently done (Collen et al., 2013), it would be productive to ﬁt
a single linear model with an overall size change pattern, differ-
ences between groups (e.g. tropical and temperate populations)
represented as orthogonal contrasts (e.g. Saville and Wood, 1991,
Section 7.3), and a residual shape change component. This will
allow quantiﬁcation of the amount of change that can be explained
by simple differences such as tropical vs. temperate, and the
amount of unexplained but ecologically meaningful shape change.
The fact that abundances do not need to be measured in the same
units for different species moves the task of studying such global
patterns from impossible to merely very difﬁcult. Furthermore, it
may be possible to calculate the analogous measures for presence/
absence data in cases where abundances cannot be reliably
estimated. For example, it would be possible to calculate size
and shape change indices from historical records and fossil
communities, and hence study global patterns of change over very
long time scales.
In the two communities I analysed, there was a striking
difference in the proportion of change that was size change. It
therefore seems likely that size-based indices such as the Living
Planet Index will be much more informative about some commu-
nities than others. I hypothesized that phylogenetically restricted
assemblages might show mainly size change, while diverse
assemblages might show mainly shape change. For example,
hydrothermal vent communities occur are characterized by evolu-
tionary radiations of a fairly small group of taxa (Van Dover et al.,
2002). It seems plausible that such communities might show a
relatively high proportion of size change. In contrast, one might
expect tropical forests and coral reefs, with high phylogenetic
diversity, to show a high proportion of shape change.
In conclusion, shape change is distinct from but complemen-
tary to the property measured by indices such as the Living Planet
Index. The rate of shape change should be measured in a way that
is consistent with population dynamics. The measures I have
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derived satisfy this requirement. The key to understanding their
properties is the geometry of growth space, whose axes are the
proportional growth rates of each species involved.
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Appendix A. Invariance under exponential growth and scaling
invariance
Theorem 1. A measure of the rate of shape change satisfying
Property 7 is invariant under exponential growth, in the sense that
it will have the same value for any pairs of vectors x, y generated by a
given initial abundance vector x0, a constant vector of species-speciﬁc
proportional growth rates r and a constant time interval Δt. In other
words,
gðx; eRΔtxÞ ¼ gðeRtx; eRðtþΔtÞxÞ:
Proof. Property 7 is that
gðx; yÞ ¼ gðMx;MyÞ
for all n n matrices M with positive diagonal elements and zero
off-diagonal elements. Choose x¼ x0, y¼ eRΔtx where R¼ diagðrÞ,
and M¼ eRt for any time t. Then by Property 7,
gðx0; eRΔtx0Þ ¼ gðeRtx0; eRðtþΔtÞx0Þ
for any t. □
Theorem 2. Invariance under exponential growth is necessary for
Property 7.
Proof. Suppose that there exist a set of proportional growth rates
r and a time interval Δt for which the measure is not invariant. In
other words, for some initial vector x, y¼ eRΔtx and z¼ eRΔty, but
gðx; yÞagðy; zÞ. Then for M¼ eRΔt , Property 7 does not hold. □
Theorem 3. Invariance under exponential growth is not sufﬁcient for
Property 7. For example, a measure which is invariant under
exponential growth from any given initial conditions, but with a
different value for each initial condition, does not satisfy Property 7.
Proof. Suppose that for any initial condition x, y¼ eRΔtx. Choose
x1 so that there is no t for which x1 ¼ eRtx, and y1 ¼ eRΔtx1.
Suppose that gðx; yÞagðx1; y1Þ, then Property 7 does not hold for
M such that x1 ¼Mx. □
Appendix B. Existing measures of rate of shape change
Here, I review some widely used measures of the rate of shape
change. The original authors did not use the term shape change.
Instead, they used terms such as “succession rate”, “rate of change”
and “compositional dissimilarity” to describe what they were
measuring. Nevertheless, they all ﬁt Deﬁnition 1.
The most obvious choice for a measure of the mean rate of
shape change (Foster and Tilman, 2000) is 1=Δt times the
Euclidean distance between the relative abundance vectors at
times t and tþΔt:
1
Δt
Xn
i ¼ 1
ðpiðtþΔtÞpiðtÞÞ2
" #1=2
: ðB:1Þ
As a physical analogy, this is the way one would calculate the
mean speed of an object in space, given its position at two points
in time. However, although Euclidean distance is the natural
choice for points in the real space Rn, relative abundances lie in
the unit simplex Sn1, for which Euclidean distance is not a
natural choice. For example, the Euclidean distance between
½0:5;0:50 and ½0:4;0:60 is the same as that between ½0:1;0:90 and
½0:2;0:80, but the latter case represents a much larger proportional
change. Since exponential growth corresponds to constant propor-
tional change, Euclidean distance is not invariant under exponen-
tial growth (Fig. 2A, purple line).
In an insightful paper, Jassby and Goldman (1974) pointed out
that an absolute abundance vector can be mapped to a point e on
the unit s-sphere by the transformation eiðtÞ ¼ xiðtÞ=½
Pn
i ¼ 1
ðxiðtÞÞ21=2. As the community changes, it traces out a path on the
sphere of length
SðtÞ ¼
Z t
0
de
du

 du:
They therefore proposed
σ ¼ dS=dt ¼
Xn
i ¼ 1
ðdei=dtÞ2
" #1=2
ðB:2Þ
as a measure of the instantaneous rate of shape change. They
estimated σ using a ﬁnite-difference approximation, replacing
dei=dt by Δei=Δt, for small Δt. However, their measure is not
invariant under exponential growth (Fig, 2A, red line).
Lewis (1978) argued (wrongly, in my view) that σ does not
weight each species equally, and proposed
σs ¼
1
Δt
Xn
i ¼ 1
jpiðtþΔtÞpiðtÞj ðB:3Þ
(over sufﬁciently small time intervals Δt) as a more equitable
measure of the instantaneous rate of shape change. The commu-
nity is represented as a point on the surface of a polygon
embedded in Rn, and distance is measured as the sum of absolute
distances along each dimension. This is a rescaling of the taxicab
metric, which is discussed extensively by Miller (2002). While it
has a simple geometric interpretation, it does not measure
proportional change, and is not invariant under exponential
growth (Fig. 2A, blue line).
The Bray–Curtis distance is widely used as a measure of
dissimilarity between communities, and changes in Bray–Curtis
distances among samples in a sequence are sometimes interpreted
as changes in the rate of shape change (e.g. Nicholson et al., 1979).
It is particularly popular with marine ecologists studying changes
in communities (Field et al., 1982). Most of this marine ecological
work has been based on the ranks of distances rather than the
distances themselves, but clearly, a rank-based approach relies to
some extent on the properties of the underlying distance. Denote
by κiðtÞ ¼ hðxiðtÞÞ the score for species i at time t, where h is some
suitable transformation. Then a Bray–Curtis-based measure of the
rate of change in scores per unit time isPn
i ¼ 1 jκiðtþΔtÞκiðtÞj
ΔtPni ¼ 1½κiðtþΔtÞþκiðtÞ ðB:4Þ
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(Field et al., 1982). If κiðtÞ ¼ piðtÞ, then this is just 1/2 times Lewis's σs
(Eq. (B.3)). However, Field et al. (1982) recommend a transformation
that reduces the weighting given to very abundant species, such as
the fourth root. For relative abundances, this is κiðtÞ ¼ ½piðtÞ1=4.
Whether the transformation is applied to relative or to absolute
abundances, the result is not invariant under exponential growth
(Fig. 2A, green line, using relative abundances).
Plant ecologists often use methods based on correspondence
analysis to search for relationships between environmental vari-
ables and community structure (ter Braak, 1985). Correspondence
analysis preserves the chi-square distance between communities:
dχ2 ðt; tþΔtÞ ¼ ðx‥Þ1=2
Xn
i ¼ 1
1
x:i
piðtþΔtÞpiðtÞ
 2" #1=2
;
where x‥ is the sum of abundances over all species and times, and
x:i is the sum of abundances of the ith species over all times
(Legendre and Gallagher, 2001). The desire to interpret distances
on a correspondence analysis biplot as measures of the amount of
change leads to
dχ2 ðt; tþΔtÞ
Δt ðB:5Þ
as a possible measure of the rate of shape change. Eq. (B.5) is not
invariant under exponential growth (Fig. 2A, orange line).
Detrended correspondence analysis (Hill and Gauch, 1980) is one
of the most popular methods based on correspondence analysis,
and distances on a detrended correspondence analysis plot are
sometimes viewed as amounts of change (e.g. Jacobson and
Grimm, 1986; Bush et al., 2004; Walker and del Moral, 2003,
p. 253). I do not discuss detrended correspondence analysis in
detail, but the additional ad hoc operations it involves do not alter
the basic conclusion that chi-square distances are not invariant
under exponential growth.
The patterns of change over time in Eqs. (B.2) to (B.5) in a
community of exponentially growing species depend on the
proportional growth rates and initial abundances of the species,
so that they may in other cases show patterns quite different from
those in Fig. 2A. I therefore do not attempt to make any statements
about their relative usefulness, other than that changes in their
values cannot be used to identify ecologically meaningful changes
in the rate of shape change.
Appendix C. Deriving a measure of rate of shape change
Here, I derive a measure of the rate of shape change which has
Properties 1– 8, for the case where there are no colonizations or
extinctions.
I start with an analogous but simpler problem. Consider a
single species with abundance x(t) at time t, where x(t) is a
differentiable, positive function of time. Denote by ~rðt; tþΔtÞ the
mean proportional growth rate over the time interval ðt; tþΔt,
which is
~rðt; tþΔtÞ ¼ 1Δt
Z tþΔt
t
1
x
dx
du
du¼ log xðtþΔtÞ log xðtÞΔt ; x40;
(throughout, log denotes the natural logarithm). This mean pro-
portional growth rate is obviously a constant for all patterns of
change resulting in the same amount of proportional growth in a
given time.
I will now derive a similar measure of the mean rate of
proportional change in relative abundances (thus satisfying
Properties 1 and 2). All the information in relative abundance
data is contained in the set of ratios vij ¼ xi=xj, i¼ 1;…;n1,
j¼ iþ1;…;n, satisfying Property 3). In other words, a basis for
the space of relative abundances can be constructed from
functions of these ratios (Egozcue et al., 2003). We therefore need
to consider only the vector of ratios vðtÞ ¼ ½v12ðtÞ; v13ðtÞ;…; v1nðtÞ;
v23ðtÞ;…vn1;nðtÞ0. Although vðtÞ is a generating set for the space of
relative abundances, it is not a minimal generating set (basis).
Nevertheless, treating all its elements symmetrically makes it easy
to see the biological interpretation of the resulting measure, and
results in the same measure as would be obtained from a basis.
There are c¼ nðn1Þ=2 elements in vðtÞ, but their order is not
important in what follows. Denote by wk the mean proportional
rate of change in the kth element of v (which I index by vij) over
the time interval ðt; tþΔt, and denote by ~r iðt; tþΔtÞ the mean
proportional growth rate of the ith species over the time interval
ðt; tþΔt, deﬁned as in Eq. (4). Then, assuming vij is a differenti-
able function of time,
wk ¼
1
Δt
Z tþΔt
t
1
vij
dvij
du
du; vij40;
¼ log vijðtþΔtÞ log vijðtÞΔt
¼ 1Δt log
xiðtþΔtÞ
xjðtþΔtÞ
 log xiðtÞ
xjðtÞ
 
¼ 1Δt½ðlog xiðtþΔtÞ log xiðtÞÞðlog xjðtþΔtÞ log xjðtÞÞ
¼ ~r iðt; tþΔtÞ ~r jðt; tþΔtÞ:
This expression will be zero for any i and j if xðtþΔtÞ ¼ xðtÞ
(Property 4), or if xðtþΔtÞ ¼ axðtÞ, where a40 (Property 6).
Because wk is the difference between mean proportional growth
rates, any pattern of growth that leads to the same proportional
change in species i and j over a given time interval will result in
the same value of wk, and Property 7 is satisﬁed.
The obvious scalar measure of the mean rate of proportional
change in relative abundances is then the Euclidean norm of the
vector w¼ ½w1;w2;…;wc0, which is
JwJ ¼
Xc
k ¼ 1
w2k
" #1=2
¼ 1Δt
Xn1
i ¼ 1
Xn
j ¼ iþ1
log vijðtþΔtÞ log vijðtÞ
 224
3
5
1=2
¼
Xn1
i ¼ 1
Xn
j ¼ iþ1
~r iðt; tþΔtÞ ~r jðt; tþΔtÞ
 224
3
5
1=2
: ðC:1Þ
Squaring each element in w ensures that the measure will be non-
negative (Property 5).
The second line of Eq. (C.1) expresses JwJ in a way that shows
it is proportional to the Aitchison distance (Aitchison, 1992;
Egozcue et al., 2003) between the relative abundance vectors at
times t and tþΔt. The Aitchison distance is in some sense the
simplest measure of difference between two compositions that
satisﬁes Properties 3, 4 and 7, as well as the additional require-
ments of symmetry and invariance under arbitrary reorderings of
the species (Aitchison, 1992). It also satisﬁes the triangle inequal-
ity. The third line of Eq. (C.1) expresses JwJ in a way that shows it
is a function of the mean proportional growth rates of all the
species.
To obtain a measure that is independent of the number of
species (Property 8), I will use a geometric interpretation of Eq.
(C.1). For a given set of species, every vector of proportional
growth rates r (dropping the time indexing for simplicity) can be
represented as a point in a space Rn which I refer to as the growth
space of the community (Fig. 3 is a two-dimensional example). The
growth rate vector r can be decomposed into two orthogonal
components. The ﬁrst component is the projection u of r onto the
line of equal proportional growth rates, which represents change
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in abundance without shape change. I call this size change. It is
straightforward (e.g. Saville and Wood, 1991, p. 69) to show that
u¼ r1, where
r ¼ 1
n
Xn
i ¼ 1
~r i; ðC:2Þ
with dimensions time1. In other words, each element of u is the
among-species sample mean of mean proportional growth rates.
The second component q is orthogonal to u, and the square of its
Euclidean norm is
JqJ2 ¼
Xn
i ¼ 1
ð~r irÞ2;
(e.g. Saville and Wood, 1991, pp. 49–50). It is straightforward to
show that JwJ2 ¼ nJqJ2:
JwJ2 ¼
Xn
i ¼ 1
Xn
j ¼ iþ1
~r i ~r j
 2
¼ 1
2
Xn1
i ¼ 1
Xn
j ¼ 1
~r i ~r j
 2
¼ 1
2
Xn
i ¼ 1
Xn
j ¼ 1
ð~r irÞð~r jrÞ
 2
¼ 1
2
Xn
i ¼ 1
Xn
j ¼ 1
ð~r irÞ22ð~r irÞð~r jrÞþð~r jrÞ2
h i
¼ n
Xn
i ¼ 1
ð~r irÞ2
Xn
i ¼ 1
ð~r irÞ
Xn
j ¼ 1
ð~r jrÞ
2
4
3
5
¼ n
Xn
i ¼ 1
ð~r irÞ2
Xn
i ¼ 1
ð~r irÞ
Xn
j ¼ 1
~r jnr
0
@
1
A
2
4
3
5
¼ n
Xn
i ¼ 1
ð~r irÞ2
Xn
i ¼ 1
ð~r irÞ nrnrð Þ from Eq: ðC:2Þ
¼ n
Xn
i ¼ 1
ð~r irÞ2
Xn
i ¼ 1
ð~r irÞ  0
¼ nJqJ2:
In other words, the norm of q is proportional to the proposed
scalar measure of mean rate of proportional change in relative
abundances (Eq. (C.1)), which can be thought of as measuring
change in shape of the community.
An obvious measure of rate of shape change that is indepen-
dent of the number of species is therefore
sr ¼
1
n1
Xn
i ¼ 1
ð~r irÞ2
" #1=2
¼ 1
ðn1Þ1=2
JqJ
¼ 1
ðnðn1ÞÞ1=2
JwJ ; ðC:3Þ
which is just the sample standard deviation of the mean propor-
tional growth rates, with dimensions time1. Since the sample
standard deviation is an asymptotically unbiased estimator of the
population standard deviation of the mean proportional growth
rates, the expected value of sr will (in the limit of a large number of
species) be constant among communities with different numbers
of species but the same population standard deviation of mean
proportional growth rates, or among random samples of different
numbers of species from a single community. Thus Property 8 is
satisﬁed asymptotically in principle. However, the above argument
assumes that the mean proportional growth rates are known
exactly. In reality, the true abundances (and hence true mean
proportional growth rates) will be uncertain. This uncertainty may
affect how the value of sr depends on the number of species, but
the way in which it does so will depend on how abundances are
estimated. Furthermore, sr is biased for ﬁnite samples. In principle,
this bias can be corrected, but only by assuming a particular
distribution, such as the normal, for the proportional growth rates
(e.g. Gurland and Tripathi, 1971).
To obtain Eq. (7), use Eq. (C.1) with vij ¼ xi=xj ¼ pi=pj and
Eq. (C.3).
Appendix D. What kinds of functions are scaling invariant?
It is worth asking whether there are many kinds of scaling
invariant functions other than sr, and if so, what they look like. The
theorem below is essentially a rephrasing of Aitchison (1992,
p. 373). It leads to the result that other scaling invariant functions
take particular forms (such as contrasts), and cannot involve any
kind of weighting by abundance.
Theorem 4. All scaling invariant functions are functions of the vector
r of mean proportional growth rates over some ﬁxed time interval.
Proof. Denote by Z the set of pairs of abundance vectors
z¼ ðx; yÞARn40  Rn40. A scaling can be represented by an n n
diagonal matrix M with positive diagonal elements, that maps
ðx; yÞ to ðMx;MyÞ (Property 7). Denote by Mz the action of M on z.
The matrices M form a group M under matrix multiplication
(Pollatsek, 2009, Problem 4.5.8). The orbit Oz of any zAZ is the set
of elements of Z that can be reached by the action of any MAM
on z, and is the set of pairs of abundance vectors equivalent to the
pair z¼ ðx; yÞ under scaling (Eaton, 1989, p. 21).
A function g is invariant if gðzÞ ¼ gðMzÞ for all MAM, and
maximal invariant if it is invariant and if gðz1Þ ¼ gðz2Þ implies
z1 ¼Mz2 for some MAM (Eaton, 1989, Deﬁnition 2.4). In other
words, a maximal invariant has the same value for all members of
an orbit, and a different value for each different orbit. Any
invariant function is a function of a maximal invariant (Eaton,
1989, Theorem 2.3). Thus, we need to show that r is a maximal
invariant.
First, we show that r is invariant under scaling. Denote by mi
the ith diagonal element of M. The ith mean proportional growth
rate for some ﬁxed time interval Δt is
ri ¼
1
Δt log
yi
xi
	 

¼ 1Δt log
miyi
mixi
	 

:
Thus the vector r of mean proportional growth rates is scaling
invariant.
Second, we show that rð1Þ ¼ rð2Þ implies rð1Þ ¼Mrð2Þ, for two
mean proportional growth rate vectors rð1Þ, rð2Þ, some matrix
MAM, and some ﬁxed time intervalΔt. Consider the ith elements
of rð1Þ and rð2Þ:
rð1Þi ¼ r
ð2Þ
i
1
Δt log
yð1Þi
xð1Þi
 !
¼ 1Δt log
yð2Þi
xð2Þi
 !
yð1Þi
yð2Þi
¼ x
ð1Þ
i
xð2Þi
yð1Þi ¼
xð1Þi
xð2Þi
yð2Þi
Thus, z1 ¼Mz2 for the diagonal matrix M with ith diagonal
element mi ¼ xð1Þi =x
ð2Þ
i . In consequence, r is a maximal invariant
under scaling, and any scaling invariant function must be a
function of r. □
In this paper, I considered only the mean and standard devia-
tion of the elements of r. By Theorem 4 and the obvious result that
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any function of a maximal invariant is an invariant function, there
are lots of other potentially interesting scaling invariant functions
of r. For example, contrasts (differences between the means of
subsets of the elements of r) are also scaling invariant, and can be
used to measure differences in rates of change between groups of
organisms. However, Theorem 4 shows that there is no need to
consider functions that cannot be written in terms of proportional
growth rates. For example, a scaling invariant function cannot
involve any kind of weighting by abundance, because such
weightings do not appear in the maximal invariant r.
Appendix E. Estimating size and shape change
To estimate sr and r from the hoverﬂy data, estimates of
abundance in each year are needed. The following simple
approach is adequate to demonstrate the behaviour of sr and r
for these data, and accounts for both parameter uncertainty and
stochasticity.
I treated each species as independent. At each time t, I
modelled the observed count ci(t) of the ith species as being
generated by a Poisson distribution with parameter λiðtÞ, the
expected abundance. I modelled the log of the Poisson parameter
as a randomwalk (in discrete time, because the observations were
made at annual intervals). The model is
log λiðtþ1Þ ¼ log λiðtÞþϵiðtÞ
ϵiðtÞ N ð0;σ2Þ
ciðtÞ  PoissonðλiðtÞÞ
This is about the simplest model that could be used to describe
these data. In particular, it does not include density dependence,
interspeciﬁc competition or consistent trends in proportional
growth rates. It is not likely to make good long-term predictions,
but it is being used for smoothing, rather than forecasting.
Expected log abundances were almost indistinguishable from
observed abundances.
I ﬁtted this model in 64-bit R version 3.0.1 for Linux (R Core
Team, 2012) using the package sspir 0.2.10 (Dethlefsen and
Lundbye-Christensen, 2006). I used Iterated Extended Kalman
Smoothing (Durbin and Koopman, 2001) to obtain an approximat-
ing Gaussian model. I estimated σ2 using maximum likelihood,
with the Brent algorithm in R function optim. I initialized the
Kalman ﬁlter with Eðlog λið0ÞÞ ¼ log cið0Þ and Vðlog λið0ÞÞ ¼
1 106, so that expected initial abundance matched the observa-
tions but had high uncertainty. I did not include the ﬁrst time
interval in the analyses of patterns in sr and r . This is a quick and
dirty approach, but the Kalman ﬁlter converges quickly, so that the
choice of initialization has little effect on the results for later time
intervals.
Using the ﬁtted approximating Gaussian model, I sampled 1000
replicate time series of the conditional distribution of log λi and
used them to calculate the distributions of sr and r as follows:
1. Draw a value σ2n from the normal sampling distribution of σ2,
speciﬁed by the maximum likelihood estimate and its asymp-
totic variance.
2. Draw a value log λni ðtÞ for each time from the conditional
distribution of log λiðtÞ, given the entire observation vector
ci ¼ ½cið0Þ; cið1Þ;…0. This was done using the ksimulate func-
tion in sspir, with the sampled σ2n.
3. Obtain simulated proportional growth rates
~rni ðt; tþ1Þ ¼ log λni ðtþ1Þ log λni ðtÞ;
for intervals of length one year (Eq. (4) with Δt ¼ 1).
4. Use the simulated proportional growth rates to calculate
simulated values of sr (Eq. (5)) and r (Eq. (C.2)).
I report the mean and 0.025- and 0.975-quantiles of the simulated
distributions of sr and r . The whole procedure took less than an
hour with an 3.2 GHz Intel Xeon processor and 16 GB RAM. The
code is included as an electronic enhancement.
Appendix F. Measuring colonization and extinction
F.1. Motivation
The proportional growth rate of a single species, ð1=xÞ dx=dt, is
undeﬁned if x¼0. This makes it difﬁcult to deal with colonization
and extinction in the framework of proportional change. Here, I
describe a solution.
When calculating a mean proportional growth rate (Eq. (4)) it is
reasonable to replace zero abundances x¼0 by limx-0þ x, since
abundances cannot be negative. Then because limx-0þ log x¼ 1,
a colonization or extinction can be thought of as representing an
inﬁnite amount of proportional change. This creates additional difﬁ-
culties. First, it does not discriminate between extinction of rare and
common species, because 1þ log xðtÞ ¼ 1 for any real log xðtÞ.
Second, it does not discriminate between fast and slow extinctions,
because 1=Δt ¼ 1 for any real Δt. Third, the arithmetic opera-
tions involved in the size and shape components of change ((Eqs.
(6) and 5)) will often be undeﬁned.
All these problems can be solved by working with surreal rather
than real numbers. The surreal numbers (Conway, 2001) are a ﬁeld
which contains all the real numbers, and many others besides,
including inﬁnite and inﬁnitesimal numbers. Arithmetic operations
such as addition and multiplication, and logical comparisons such as
greater than, are well-deﬁned for all surreal numbers. Instead of
taking the limit as x-0þ , zero abundances can be replaced by the
surreal number 1=ω, which is greater than zero but smaller than all
positive real numbers. This is similar to the idea of non-standard
analysis, in which inﬁnitesimals are used instead of limits (Conway,
2001, p. 44). The integral in Eq. (4) is valid for surreal numbers
(Fornasiero, 2003, Section 5.1). The natural logarithm function is
deﬁned for all positive surreal numbers, and log ð1=ωÞ ¼ ω1=ω
(Gonshor, 1986, pp. 161–163), which is more negative than all the
real numbers, and therefore satisﬁes the requirement that a coloni-
zation or extinction represents a greater amount of proportional
change than any event not involving a colonization or extinction. The
choice 1=ω is not unique, because there are many other numbers
greater than zero but smaller than all positive real numbers (e.g. 2=ω
and 1=ω2). Choosing one of these other numbers would give the
same qualitative result, but 1=ω is in some sense the simplest
number having the required properties (Conway, 2001, p. 12).
F.2. Size change
The among-species mean proportional growth rates (the size
component) can be calculated as follows. For each time interval
ðt; tþΔt, divide the set of species being considered into four
subsets, depending on whether they are present or absent at the
start and end of the interval:
S1 ¼ fi : xiðtÞ404xiðtþΔtÞ40g ðalways presentÞ;
S2 ¼ fi : xiðtÞ404xiðtþΔtÞ ¼ 0g ðextinctionsÞ;
S3 ¼ fi : xiðtÞ ¼ 04xiðtþΔtÞ40g ðcolonizationsÞ;
S4 ¼ fi : xiðtÞ ¼ 04xiðtþΔtÞ ¼ 0g; ðnever presentÞ:
Denote by k1; k2; k3; k4 the cardinalities of these sets. Denote by ai
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the function
ai ¼
log xiðtþΔtÞ; xiðtþΔtÞ40;
ω1=ω; xiðtþΔtÞ ¼ 0:
(
Denote by bi the similar function of xi(t). Denote by a and b the
sums of log abundances for species present at times tþΔt and t
respectively:
a¼
X
iAS1 [S3
ai;
b¼
X
iAS1 [S2
bi:
Then the among-species mean of mean proportional growth rates
over ðt; tþΔt is
r ¼ 1
n
Xn
i ¼ 1
aibi
Δt
¼ 1
nΔt
X
iAS1
ðlog xiðtþΔtÞ log xiðtÞÞ
"
þ
X
iAS2
ðω1=ω log xiðtÞÞ
þ
X
iAS3
ðlog xiðtþΔtÞðω1=ωÞÞ
þ
X
iAS4
ðω1=ωðω1=ωÞÞ
#
¼ 1
nΔt½ðk3k2Þω
1=ωþab: ðF:1Þ
This reduces to Eq. (6) if all species have non-zero abundance at all
times. Otherwise, r has an inﬁnite part which will be positive if
there are more colonizations than extinctions, zero if there are
equal numbers of colonizations and extinctions, and negative if
there are more extinctions than colonizations. The ﬁnite part of r
has contributions from changes in abundance that do not involve
colonization or extinction, the initial abundances of species that
went extinct, and the ﬁnal abundances of species that colonized.
F.3. Shape change
To calculate the among-species standard deviation of mean
proportional growth rates (the shape component), it is easiest to
ﬁrst ﬁnd the among-species variance and then take its square root.
The among-species sample variance is
1
n1
Xn
i ¼ 1
~r2i nr2
 !
: ðF:2Þ
The ﬁrst term in the parentheses in Eq. (F.2) is
Xn
i ¼ 1
~r2i ¼
1
ðΔtÞ2
Xn
i ¼ 1
ðaibiÞ2
¼ 1
ðΔtÞ2
X
iAS1
ðlog xiðtþΔtÞ log xiðtÞÞ2
"
þ
X
iAS2
ðω1=ω log xiðtÞÞ2
þ
X
iAS3
ðlog xiðtÞðω1=ωÞÞ2
þ
X
iAS4
ðω1=ωðω1=ωÞÞ2
#
¼ 1
ðΔtÞ2
ðk2þk3Þω2=ωþ2ω1=ω
X
iAS2
log xiðtÞþ
X
iAS3
log xiðtþΔtÞ
 !"
þ
X
iAS1
ðlog xiðtþΔtÞ log xiðtÞÞ2
þ
X
iAS2
ðlog xiðtÞÞ2þ
X
iAS3
ðlog xiðtþΔtÞÞ2
#
: ðF:3Þ
From Eq. (F.1), the second term in the parentheses in Eq. (F.2) is
nr2 ¼ n 1
nΔt½ðk3k2Þω
1=ωþab
 2
¼ 1
nðΔtÞ2
½ðk3k2Þ2ω2=ωþ2ðabÞðk3k2Þω1=ωþðabÞ2: ðF:4Þ
Using (Eqs. (F.3) and F.4), the among-species sample variance in
mean proportional growth rates can be written in the form
1
ðn1ÞðΔtÞ2
ðαω2=ωþβω1=ωþγÞ; ðF:5Þ
where the coefﬁcients α;β; γ are the real numbers
α¼ k2þk3
1
n
ðk3k2Þ2;
β¼ 2
X
iAS2
log xiðtÞþ
X
iAS3
log xiðtþΔtÞ
1
n
ðabÞðk3k2Þ
 !
;
γ ¼
X
iAS1
ðlog xiðtþΔtÞ log xiðtÞÞ2
 
þ
X
iAS2
ðlog xiðtÞÞ2þ
X
iAS3
ðlog xiðtþΔtÞÞ2
1
n
ðabÞ2
!
:
If all species have non-zero abundance at all times, α¼ β¼ 0 and
the sample standard deviation is given by Eq. (5). Otherwise, to ﬁnd
the sample standard deviation, write the second factor in Eq. (F.5) as
αω2=ωþβω1=ωþγ ¼ αω2=ωð1þδÞ;
where
δ¼ βω
1=ωþγ
αω2=ω
is an inﬁnitesimal number. Then
½αω2=ωð1þδÞ1=2 ¼ α1=2ω1=ω 1þ1
2
δþ1
2
1
2
1
	 

δ2
2
þ⋯
" #
ðF:6Þ
(Conway, 2001, Theorem 24). Using Eqs. (F.5) and (F.6), the sample
standard deviation is
1
ðn1Þ1=2Δt
α1=2ω1=ωþ β
2α1=2
þ infinitesimal terms
	 

:
Unless the inﬁnitesimal terms can be shown to have any biological
interpretation, it seems reasonable to discard them, leaving just the
inﬁnite and real terms (at least for drawing graphs).
F.4. Activity and cos 2 θ
The norm JrJ is given by the square root of Eq. (F.3), which can
be evaluated using Eq. (F.6). Values of the scaled activity level
n1=2 JrJ can be ranked by comparing coefﬁcients of powers of ω
in Eq. (F.3) in descending order. The value of the ﬁrst coefﬁcient
that differs between two values determines their rank.
The squared norm JuJ2 is given by Eq. (F.4). The proportion of
change that is size change, cos 2 θ¼ ðJuJ=JrJ Þ2, will then be a
ratio of the form
aω2=ωþbω1=ωþc
dω2=ωþeω1=ωþ f ; ðF:7Þ
with real coefﬁcients a; b; c; d; e; f . Dividing the numerator and the
denominator by ω2=ω,
cos 2 θ¼ a
dþeω1=ωþ fω2=ωþ infinitesimal terms;
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whose value will be close to a=d. I therefore use the real
approximation cos 2 θCa=d in graphs. However, the inﬁnitesimal
parts may be important in resolving ties. It is straightforward to
rank two ratios of the form (F.7), by cross-multiplying by their
denominators and comparing the coefﬁcients of matching powers
of ω. I use this approach when calculating statistics based on the
ranks of cos 2 θ.
Appendix G. Size and shape change in presence-absence data
In the notation of Appendix F, the mean proportional growth
rate over the interval ðt; tþΔt for the ith species is
~r i ¼ ðaibiÞ=Δt. The coefﬁcient of ψ ¼ω1=ω in ~r i is the only part
that can be calculated if only presence/absence data are available.
Denote this coefﬁcient by rðψ Þi . Its value is
rðψ Þi ¼
1
Δt extinction;
1
Δt colonization;
0 otherwise:
8>><
>>:
ðG:1Þ
The among-species mean of these coefﬁcients is a natural measure
of size change:
1
nΔt
Xn
i ¼ 1
rðψ Þi ¼ k2ð1Þþk3ð1Þ
¼ k3k2
nΔt ; ðG:2Þ
where k2 is the number of extinctions and k3 is the number of
colonizations. Eq. (G.2) is the coefﬁcient of ψ in Eq. (8).
The among-species sample standard deviation of these coefﬁ-
cients is a natural measure of shape change:
1
Δt
1
n1
Xn
i ¼ 1
ðrðψ Þi Þ2
1
n
Xn
i ¼ 1
rðψ Þi
 !20@
1
A
2
4
3
5
1=2
¼ 1Δt
1
n1 k2ð1Þ
2þk3ð1Þ2
1
n
ðk3ð1Þþk2ð1ÞÞ2
	 
 1=2
¼ 1Δt
1
n1 k2þk3
1
n
ðk3k2Þ2
	 
 1=2
;
which is the coefﬁcient of ψ in Eq. (9).
The coefﬁcient of ψ2 in the squared activity level is
Xn
i ¼ 1
ðrðψ Þi Þ2 ¼
k2ð1Þ2þk3ð1Þ2
ðΔtÞ2
¼ k2þk3
ðΔtÞ2
:
Thus, the measures of rate of shape change proposed by Anderson
(2007), which are proportional to k2þk3, are measures of squared
activity.
Finally, using the results above, the scaled activity from presence–
absence data is ð1=ðn1=2ΔtÞÞðk2þk3Þ1=2, and the proportion of
change that is size change is cos 2 θ¼ ðk3k2Þ2= ðnðk2þk3ÞÞ.
Appendix H. Supporting information
Supplementary data associated with this article can be found in
the online version at http://dx.doi.org/10.1016/j.jtbi.2015.01.002.
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